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Abstract Blood clots are fundamental to preventing excessive blood loss in cases of vascu-
lar injury and to promoting subsequent wound healing, but also to many disease conditions.
The biomechanical properties of clots play important roles in dictating the natural history in
health and disease. In this paper, we present a novel multiscale computational model of bio-
logical, chemical, and mechanical contributions to the maturation of an occlusive clot from a
fibrin-dominated to a collagen-dominated tissue. For an occlusive venous thrombus, simula-
tions show the potential coupling between mechanical deformations and chemical processes,
which can result in competing phenomena. This mixture-based framework also promises to
guide future experimentation, which is vitally needed to increase our understanding of the
complex and important biochemomechanics of clots.

Keywords Growth and remodeling · Deep vein thrombosis · Microsphere · Venous
thrombosis · Multiscale

Mathematics Subject Classification 74F10

1 Introduction

Thrombosis, that is the formation of a blood clot, is essential for controlling hemorrhage
in cases of tissue injury. Yet, many devastating disease conditions can also result from
a thrombus—heart attack, stroke, and pulmonary embolism to name a few [23, 33, 36].
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Notwithstanding the critical importance of the biochemistry involved in the formation, ly-
sis, or maturation of a clot, quantification of the evolving biomechanical properties is equally
important for understanding the role of thrombus in both physiology and pathophysiology.
Whereas many prior biomechanical studies have focused on the initial few minutes of the
blood clotting cascade [51, 52], here we introduce a new model within the framework of a
reactive/constrained mixture theory that allows studying the possible longer term evolution
of a thrombus. Specifically, we are interested in the competition between thrombus degra-
dation or lysis and the deposition of structural constituents during maturation, which may
determine whether thrombus embolizes, that is, sheds fragments into the flowing blood, or
whether it persists intact [20].

The blood clotting cascade is well studied [15] and can be captured via complex sys-
tems of differential equations that describe reactions among the many different biomolecules
[17, 34]. However, given that the initial clotting process occurs within minutes and our in-
terest is in longer term maturation of the clot (on the order of weeks), we focus on the
latter by prescribing the biomechanical properties of a fresh fibrin network in our initial
model. During its evolution, we consider thrombus to be a reactive mixture, consisting of
a constrained mixture of two structurally significant solid constituents, ubiquitous inter-
stitial fluid, a generic family of migrating synthetic cells, and one key biomolecule. This
biomolecule, plasmin(ogen), which represents both the zymogen plasminogen and its active
form, the serine protease plasmin, facilitates the degradation of one of the solid constituents
(fibrin) while the cells, ostensibly (myo)fibroblasts, deposit the other solid constituent (col-
lagen fibers). We use the term (myo)fibroblasts for it is the fibroblast that is recruited and
then changes phenotypically to increase its production of collagen and better organize the
matrix; we do not model the phenotypic modulation however. To further focus our atten-
tion on the longer term maturation of a fibrin-based clot into a more collagenous tissue,
we assume that local plasmin levels correspond directly to those for plasminogen. For con-
ceptual purposes, we also consider plasmin(ogen) and (myo)fibroblasts as non-charged “so-
lutes” that diffuse and advect within the interstitial fluid that saturates the pores of the solid.
Because local deformations affect the transport of important thrombotic and thrombolytic
biomolecules, the migration of relevant synthetic cell species, critical reactions between
constituents and biomolecules, biological processes such as collagen deposition, our model,
for the first time, additionally includes mechanically and directionally sensitive constitutive
equations for transport and migration as well as mechanically and directionally sensitive
reaction equations [2, 12, 13, 49].

The primary goal of this work is to develop a first framework to model the nonlinear,
anisotropic mechanical behavior of evolving thrombus by capturing the roles of specific
cells and biomolecules within a multiscale framework that largely melds concepts from
Ateshian [6, 7] and Humphrey and Rajagopal [27]. The secondary goal of our work is to
use our newly introduced approach to investigate mechanically-mediated feedback mech-
anisms that may predict different fates of a thrombus, including resolution, maturation, or
embolization. This capability may be critical from both clinical and basic scientific stand-
points as the location of advanced lysis and/or reduced collagen deposition may determine
whether thrombus embolizes partially and fragments or dislodges in whole, thus increasing
the risk of a fatal pulmonary embolus for example. For purposes of illustration, our compu-
tational model focuses on the evolution of occlusive venous thrombus and is based on data
available from a well-accepted mouse model [18, 32]. The basic framework is much more
general, however.
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2 Modeling Framework

2.1 Solid Constituents—Fibrin and Collagen

The solid portion of an evolving thrombus, denoted by superscript s, is assumed to consist
of a constrained mixture [27] of three constituents ξ : an amorphous ground substance ma-
trix (ξ = g), a fibrin network (ξ = f ), and fibrillar collagen (ξ = c). Their kinematics are
constrained such that vξ = vs , where vξ and vs denote the velocity of each solid constituent
ξ and the total solid s, respectively. We account for growth and remodeling of thrombus by
modeling chemical reactions between the “solutes” plasmin(ogen) and (myo)fibroblasts and
the solid constituents fibrin and collagen. The addition/subtraction of mass of an individual
structural constituent may thus be expressed via a mass exchange term in the statement of
mass balance, namely

Dρξ
r

Dt
= ρ̂ξ

r , where ξ = g,f, c, (1)

where D{◦}/Dt denotes the material time derivative, ρξ
r is the current apparent mass den-

sity with respect to a reference volume, and ρ̂ξ
r denotes the apparent mass density supply,

also with respect to the reference volume. In our model, two mechanisms contribute to ρ̂ξ
r :

first, we consider a decrease in mass density of fibrin due to degradation by plasmin(ogen)
and, second, an increase in mass density of collagen by (myo)fibroblast deposition. These
reactions will be discussed in more detail later.

2.2 Plasmin(ogen) and (Myo)fibroblasts

We assume that plasmin(ogen) (ι = pl) is capable of transport via diffusion and advection;
it can also react with fibrin. We further assume that (myo)fibroblasts (ι = f b) are capable of
migration and deposit collagen. For ease of computation, we treat both as “solutes” denoted
by superscript ι. Mass balance for these constituents can be written

J−1 D(J [1 − ϕs]cι)

Dt
+ divj ι = [

1 − ϕs
]
ĉι, with ι = pl, f b, (2)

where J = detF tracks changes in the volume of the mixture relative to its reference vol-
ume, ϕs is again the solid volume fraction, ĉι is the mass exchange (i.e., molar supply or
sink due to chemical reactions), and finally j ι is the molar flux relative to the solid.

2.3 Chemical Reactions

A key feature of our model is the ability of constituents to interact via chemical reactions,
which contribute to lysis and maturation. In contrast to the common treatment of chemical
kinetics, we introduce the deformation gradient F in addition to the standard state vari-
ables, which are concentrations cι of solutes and apparent referential densities ρξ

r of solid
constituents. It proves convenient to express apparent referential mass densities as concen-
trations through cξ = ρξ

r /[J − ϕs
r ]Mξ , with ϕs

r the referential solid volume fraction and Mξ

the molar mass of constituents ξ . During lysis and maturation of thrombus, we consider all
reactions to follow the law of forward mass action, viz.

∑
α να

REα → ∑
α να

P Eα , where Eα

are the chemical species that correspond to constituents α (= ξ or ι) and να
R and να

P are the
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stoichiometric coefficients of reactant and product, respectively. Therefore, the molar supply
ĉα of solid constituents and solutes may be expressed as ĉα = [να

P − να
R]ζ̂ , with

ζ̂ = k
(
F , cα

)∏

α

[
cα

]να
R , with α = ξ, ι, (3)

where k(F , cα) is the specific reaction rate. The balance of mass of the solid constituents,
solutes, and the mixture may now be rewritten in terms of (3), see [7].

2.4 Interstitial Fluid

Interstitial fluid (mainly water, denoted by superscript w) is modeled as incompressible
and inviscid, while frictional losses between the fluid and the solid matrix are included
via a momentum exchange term within the statement of linear momentum balance [5]. By
neglecting the volume fraction of the solutes, we may express the flux of interstitial fluid as
w = [1 − ϕs][vw − vs], where ϕs is the solid volume fraction.

With the introduction of w, the statement of mass balance for the entire mixture can be
written

div
(
vs + w

) =
∑

α

ρ̂α

ρα
T

, with α = ξ, ι, (4)

where ρα
T is the true density of constituent α (current mass of constituent α divided by

current volume of constituent α).

2.5 Balance of Linear Momentum

Given the expression for the total Cauchy stress, σ = −pI +σ s , where σ s is the solid matrix
stress, we can further write the spatial balance of linear momentum of the total mixture as

divσ = −gradp + divσ s = 0, (5)

and where we assume quasi-static conditions.

2.6 Finite Element Implementation

The governing equations of the reactive mixture are solved using a nonlinear finite element
method [35]. To this end, we express the initial-boundary value problem in weak form,
which can be solved monolithically and fully implicitly using Newton’s method. The first
two equations that enter the statement of virtual work are the mass balance for each so-
lute, (2), and mass balance of the mixture, (4). Adding the balance of linear momentum
for the solid-fluid mixture, (5), complements the set of governing differential equations that
lead to the solution of our variables of interest, the nodal displacement for the solids u,
the interstitial fluid pressure p, and the solute concentrations cι. Because the interstitial
fluid pressure p is not guaranteed to be continuous across element boundaries, we instead
solve for an effective fluid pressure p̃ that is continuous across element boundaries, where
p̃ = p − RθΦ

∑
ι c

ι, R the universal gas constant, θ the absolute temperature, and Φ the
osmotic coefficient. Importantly, cι is only continuous across element boundaries in the case
of ideal solubility, which we assume here. Because the referential apparent mass densities
of the solid constituents fibrin and collagen can be obtained by simple integration of (1) they
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enter the statement of virtual work directly. With all this said, the total statement of virtual
work

δW =
∑

ι

∫

b

δcι
[
J−1Ds

(
J
(
1 − ϕs

)
cι

)
/Dt + divjα

]
dv

− V̄
∫

b

δp̃
[
1 − ϕs

]
ζ̂dv −

∑

ι

νι

∫

b

δc
[
1 − ϕs

]
ζ̂dv

+
∫

b

δv · divσdv +
∫

b

δp̃ div
(
vs + w

)
dv, (6)

where δv is a virtual velocity vector, δp̃ is a virtual effective interstitial pressure, δcι is a
virtual molar energy, and V̄ = ∑

α ναVα with Vα = Mα/ρα
T the molar volume. Integrations

are over current mixture volume, v.
Expressions for the volumetric fluid flux w and solute molar fluxes j ι follow from inver-

sion of the balances of linear momentum for the interstitial fluid and the “solutes” and result
in a generalized Darcy’s law and Fick’s law, respectively. In addition, constitutive relations
are required for the solid portion of the thrombus, mass forward reaction equations, and me-
chanically dependent permeability and diffusivity tensors, which we define in the following
section.

3 Illustrative Constitutive Relations

3.1 Solid Matrix

We postulate the existence of a strain energy function W that determines the constitutive
behavior of the solid constituents. Specifically, we describe the solid matrix as a constrained
mixture of an isotropic ground substance Wg and an anisotropic fibrous matrix that may be
populated with fibrin Wf or collagen Wc , namely

W = Wg +Wf +Wc. (7)

Wf and Wc are sensitive to decreases and increases in fiber density due to degradation and
deposition, respectively. Fibers are deposited into extant matrix at a physiological prestretch.
Hence, the total stretch of a fiber at the current time results multiplicatively from the stretch
of the mixture in the direction of that fiber, the inverse of the mixture stretch at the time of
deposition, and the deposition stretch value [8]. Thus, the total strain energy of the matrix
follows from the integral over all active fibers based on their respective deposition times and
individual reference configurations.

Specifically, we model the ground substance as neo-Hookean parameterized with Lamé
parameters μ and λ, namely

Wg = μ

2
[I − 3] − μ lnJ + λ

2
[lnJ ]2, (8)

where I = C : I is the first invariant of the right Cauchy-Green tensor, with I the second
order identity tensor, and J = detF again. We consider the fibrous matrix using continuous
distributions functions integrated over the unit sphere having surface S [22, 30],

Wm = 1

4π

∫

S

∫ s

0

ρ̂m
r (φ,ψ, τ)

ρm
0

W̄m(φ,ψ, τ)dτdθdΦ, where m = f, c, (9)

with s being the current thrombus evolution time and τ ∈ [0, s] the collagen deposition time.



M.K. Rausch, J.D. Humphrey

Fig. 1 (A) Parametrization of
the fiber orientation vector
N(φ,ψ) within the unit sphere.
(B) Discretization of the
continuous spherical surface
according to the fully symmetric
cubature formula by Heo and
Yuan [24] with 45 integration
points over the half sphere.
Adapted from [22]

Hence, each fiber contributes as a function of the mass densities of either fibrin or colla-
gen, associated with the mass density production rate for that fiber, ρ̂r

m
(φ,ψ), relative to a

reference value ρm
0 . In turn, the constitutive behavior of the unmodified fiber is described by

a Fung-type strain energy function [25],

W̄m(φ,ψ, τ) = km
1

4km
2

[
exp

(
km

2

[ ¯IVm
(φ,ψ, τ) − 1

]2) − 1
]
, (10)

with the fiber direction-dependent invariant ¯IVm
(φ,ψ, τ) = IV(φ,ψ)IV(φ,ψ, τ)−1IVm

p ,
where IV(φ,ψ) = C : N(φ,ψ) ⊗ N(φ,ψ) is the square of the current fiber stretch,
IV(φ,ψ, τ) = C(τ ) : N(φ,ψ) ⊗ N(φ,ψ) is the square of the fiber stretch at the time of
deposition τ , and IVm

p = [λm
p ]2 the deposition stretch squared. Note that C = F T F and

C(τ) = F(τ)T F(τ) is the right Cauchy-Green tensor at time τ and N(φ,ψ) = {cosφ sinψ,

sinφ sinψ, cosψ} is the referential fiber direction vector.
Thus, as the referential apparent mass densities ρm

r (φ,ψ, s) = ∫ s

0 ρ̂m
r (φ,ψ, τ)dτ , asso-

ciated with individual fibrin or collagen fibers, evolve with time due to chemical reactions
between fibrin and plasmin(ogen) or fibroblasts and collagen, the relative weights of the
fiber contributions decrease for fibrin and increase for collagen. For practical purposes, the
expression in (9) is integrated numerically and the time integral approximated, hence

Wm =
∑

β

∑

t

wβ �ρm,β,t
r

ρm
0

W̄m
(
Nβ, t

)
, (11)

where �ρm,β,t
r = [ρm,β,t

r − ρm,β,t−1
r ] and the directions Nβ = N(φβ,ψβ) and weights wβ

follow from a fully symmetric cubature formula by Heo and Yuan [24]. Specifically, we
approximate the definite integral in (9) by 45 discrete directions and weights over the half
sphere (Fig. 1), where the discrete times t coincide with converged time steps.

These constitutive relations were implemented in FEBio [35] via its plugin inter-
face. To this end, our subroutine provides the Cauchy stress for the solid matrix σ s =
2J−1F ∂W/∂CF T

σ s = J−1μ[b − I ] + J−1λ lnJ I

+ 2J−1
∑

m

∑

β

∑

t

wβ �ρm,β,t
r

ρm
0

km
1

[ ¯IVm,β,t − 1
] IVm

p

IVβ,t
exp

(
km

2

[ ¯IVm,β,t − 1
]2)

nβ ⊗ nβ .

(12)

Here, b is the left Cauchy-Green tensor and nβ are direction vectors in the spatial configu-
ration, nβ = FNβ . The spatial tangent cs = 4J−1[F ⊗ F ] : ∂2W/∂C ⊗ ∂C : [F T ⊗ F T ],
also implemented in the plugin, becomes
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cs = J−1λI ⊗ I + J−1[μ − λ lnJ ]I

+ 4J−1
∑

m

∑

β

∑

t

wβ �ρm,β,t
r

ρm
0

km
1

[
1 + 2km

2

[ ¯IVm,β,t − 1
]2]

[
IVm

p

IVβ,t

]2

× exp
(
km

2

[ ¯IVm,β,t − 1
]2)

N (13)

with the fourth order identity tensors I = [I ⊗ I + I⊗I ]/2 and the structural tensor
N = nβ ⊗ nβ ⊗ nβ ⊗ nβ , where we used the short-hand {◦ ⊗ •}ijkl = {◦}ik{•}j l as well
as {◦⊗•}ijkl = {◦}il{•}jk .

3.2 Reaction Rate Constitutive Behavior

Thrombus lysis and maturation are accounted for by considering chemical reactions involv-
ing the “solutes” plasmin(ogen) and (myo)fibroblasts and the solid constituents fibrin and
collagen. Specifically, we consider two separate mass forward reactions. First, we model
a reaction between fibrin and plasmin(ogen) to yield a reaction by-product. Because plas-
min(ogen) is assumed to be constant (is not depleted), this is a pseudo first order reaction.
Second, we consider a reaction between (myo)fibroblasts and nutrients to generate colla-
gen. Here, nutrients and (myo)fibroblasts are also assumed to remain constant, making this
equation a pseudo zeroth order reaction equation. For both types of reactions, we model the
deformation-dependent specific reaction rate as

km,β = εkm
0

[
IVβ

]γ
, where m = f, c, (14)

where ε equals 1 in the case of fibrin and [1 −ρc,β
r /ρc

0] in the case of collagen, thus limiting
the apparent referential mass density of the latter to a maximum allowable value ρc

0 . Further,
km

0 is the specific reaction rate, IVβ the square of the fiber stretch (IVβ = C : Nβ ⊗ Nβ ),
and γ ∈ W. Fibers under tension or compression may thus be degraded/deposited faster or
slower depending on the value of γ [1, 11, 43].

This constitutive behavior was similarly implemented as a plugin in FEBio. To this end
we provide km,β and its derivative km,β = 2J−1F ∂km,β/∂CF T , with

km,β = 2J−1εkm
0 γ

[
IVβ

]γ−1
nβ ⊗ nβ . (15)

3.3 Mechanically Sensitive Permeability and Diffusivity

Transport of key biomolecules within the thrombus plays important roles in its lysis and
maturation [17]. Such transport depends on the mechanical state of the thrombus, hence
we model both plasmin(ogen) diffusivity and thrombus permeability as a function of defor-
mation. Specifically, we assume an initially isotropic permeability tensor p and diffusivity
tensor dm as

p = p0I + p1J
−2b (16)

and

dm = dm
0 I + dm

1 J−2b, with m = pl, f b, (17)

respectively, where J is the Jacobian, b is the left Cauchy-Green tensor, and p0,p1, d
m
0 , dm

1
are scalar material parameters. In addition, linearized permeability tensor, p, and diffusivity
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Fig. 2 Three different quarter symmetric loading scenarios for sensitivity study. (A) Strip biaxial exten-
sion (1.25:1 stretch ratio in x–y plane, traction free z = 1 surface) with homogeneous plasmin(ogen) and
(myo)fibroblast distribution. (B) Same as (A) with diffusing plasmin(ogen) and migrating (myo)fibroblasts
through the z = 0 surface. (C) Strip biaxial pressure (pressure applied to x = 1 surface, y = 0 surface is fixed
in y-direction, traction free z = 1 surface) with homogeneous plasmin(ogen) and (myo)fibroblast distribution

tensor, dm, are

p = p0I ⊗ I − 2p0I − p1J
−2b ⊗ I (18)

and

dm = d0I ⊗ I − 2dm
0 I − dm

1 J−2b ⊗ I , where m = pl, f b. (19)

Here, I is again the fourth order identity tensor, I = [I ⊗ I + I ⊗ I ]/2.

3.4 Sensitivity Study

Our model considers the mechanically mediated interplay among solid and fluid constituents
as well as cellular and molecular “solutes”. In a set of simple numerical experiments we
demonstrate the sensitivity of our model to critical parameters and constitutive relations.
Specifically, we consider three scenarios. First, we study separately fibrin-dominated and
collagen-dominated unit cubes under displacement-driven strip biaxial extension (Fig. 2A).
In this set of simulations, both cubes are instantaneously saturated with plasmin(ogen)
or (myo)fibroblasts that homogeneously degrade fibrin and deposit collagen, respectively.
During a second set of experiments, we apply the same mechanical boundary conditions,
but study fibrin degradation and collagen deposition in response to plasmin(ogen) diffu-
sion and (myo)fibroblast migration through the z = 0 surface of the cube (Fig. 2B). In the
third set of experiments, we model the same unit cubes but apply biaxial stresses instead
of displacement-driven biaxial extension (Fig. 2C). For all simulations, free fluid flow is
allowed through the z = 1 surface of the material cube.

Because degradation follows a pseudo first-order reaction equation (i.e. plasmin(ogen)
is not consumed during the reaction), we report the evolution of fibrin apparent referen-
tial density as a function of normalized time, using the time constant τf = [kf

0 · cpl]−1,
where, k

f

0 is the specific degradation reaction rate and cpl is the concentration of plas-
min(ogen). Similarly, we present the deposition of collagen referential apparent density
as a function of normalized time, with time constant τ c = [kc

0 · cf b/cc]−1, where kc
0 is

the specific deposition reaction rate, cf b is the (myo)fibroblast “concentration”, and cc
0 is

the maximum allowable collagen concentration. All remaining parameter values are listed
in Table 1.

Using our first model problem, Figs. 3A, B illustrate the sensitivity of the apparent ref-
erential fibrin and collagen density to parameter γ (recall equation (14)). Increasing γ in-
creases the degradation rate since the reaction rate parameter kf is amplified through its
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Table 1 Parameters in sensitivity study and simulation of occlusive venous thrombus. Values were estimated
from references or chosen when no data was available

Symbol Description Value Unit Reference

Thrombus/Wall geometry

Thrombus length 4.0 mm [32]

Thrombus diameter 1.2 mm [32]

Venous wall length 8.0 mm [–]

Venous wall thickness 0.1 mm [–]

Thrombus material

ϕ0 Initial solid volume fraction 0.2 – [17]

μ Ground substance shear modulus 0.0038 MPa [–]

λ Ground substance Lamé parameter 0.058 MPa [–]

k
f
1 Fibrin material parameter 0.01 MPa [–]

k
f
2 Fibrin material parameter 0.0 – [–]

kc
1 Collagen parameter 1.031 MPa [–]

k
f
2 Collagen parameter 6.559 – [–]

T a Platelet tension parameter 1.6e−4 MPa [14]

λ
f
p Fibrin deposition stretch 1.00 – [–]

λc
p Collagen deposition stretch 1.04 – [10]

Venous wall material

Wall shear modulus 0.1 MPa [31]

Wall bulk modulus 1000 MPa [–]

λz Axial prestretch 1.7 – [31]

Solid and solute constituents

Mf Fibrin molecular mass 340 kDa [19]

Mc Collagen molecular mass 285 kDa [26]

Mpl Plasminogen molecular mass 80 kDa [9]

Mf b (Myo)fibroblast molecular mass 80 kDa [–]

c
pl
0 Initial plasmin(ogen) concentration 1.875e−4 nmol/mm3 [42]

cpl Blood plasmin(ogen) concentration 2.5e−3 nmol/mm3 [42]

cf b Wall (myo)fibroblast concentration 1.0e−8 nmol/mm3 [–]

Transport

p0 Permeability parameter 0.0 mm4/N/s [–]

p1 Permeability parameter 0.91 mm4/N/s [3]

d
pl
0 Plasminogen diffusivity parameter 2.5e−3 mm2/s [37]

d
pl
1 Plasminogen diffusivity parameter 0.5e−4 mm2/s [37]

d
f b
0 (Myo)fibroblast diffusivity parameter 5.0e−8 mm2/s [–]

d
f b
1 (Myo)fibroblast diffusivity parameter 0.0 mm2/s [–]

Reactions

k
f
0 Specific fibrin degradation rate 2.0e−4 1/s [–]

kc
0 Specific collagen deposition rate 5.0 1/s [–]

γ f Fibrin degradation rate exponent 1.0 – [–]

γ c Collagen deposition rate exponent 1.0 – [–]
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Fig. 3 Fibrin degradation rate and collagen deposition rate depend on the solid deformation in a direction
dependent manner. (A) Fibrin degradation rate is accelerated by increasing γ through dependence on the
pseudo invariant IVγ . (B) Collagen deposition rate is accelerated by increasing γ through dependence on the
pseudo invariant IVγ . (C) Fibrin degradation rate varies with direction N and is the highest in first principal
loading direction and the lowest in third principal loading direction. (D) Collagen deposition rate varies with
direction N and is the highest in first principal loading direction and the lowest in third principal loading
direction. (E) Anisotropic collagen deposition as a function of deformation at four times (see D for com-
parison), where density distributions reflect the principal load directions. Note, continuous distributions are
obtained through cubic interpolation of 45 integration points over the half sphere using symmetry conditions.
Further note, in (E), we chose different color scales to highlight remodeling induced material anisotropy

dependence on the pseudo invariant IV to the power of γ (Fig. 3A). Similarly, collagen
deposition accelerates with increasing γ , as shown in Fig. 3B. We further observe that for
γ = 1 the non-equibiaxial loading causes spatial variations in fibrin degradation as well as
collagen deposition rates that result in load-induced material anisotropy (Fig. 3C, D). In
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Fig. 4 Fibrin degradation and collagen deposition affect material stiffness: (A) Degradation reduces the ma-
terial stiffness and thus the state of stress via removal of fibrin as a function of γ . (B) Collagen deposition
increases material stiffness, wherein a larger collagen prestretch increases the equilibrium value. Transport
induced material heterogeneity: (C) Intra-thrombus transport of plasmin(ogen) delays fibrin degradation and
thus results in spatially varying fibrin densities. (D) (Myo)fibroblast migration delays collagen deposition
and thus results in spatially varying collagen densities. Mechanical sensitivity of plasmin(ogen) diffusiv-
ity: (E) Plasmin(ogen) diffusivity decreases with thrombus contraction as a function of collagen prestretch.
(F) Plasmin(ogen) diffusivity increases under pressure and is sensitive to pressure magnitude

Fig. 3E this anisotropy is further illustrated at one representative material point (of the ho-
mogenous unit cube). Here, evolving collagen density is interpolated over the unit sphere,
based on the 45 discrete fiber directions (Fig. 1B).
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As the microstructure of the thrombus evolves during fibrin degradation and collagen
deposition, its state of stress also changes. Where fibrin is initially the primary load carrying
component, its degradation results in reduced stiffness (Fig. 4A). Once all fibrin is degraded
(and in the case of no collagen deposition), the ground substance provides the only re-
maining resistance to stretch. On the other hand, Fig. 4B illustrates that the state of stress of
collagen dominated sample strongly depends on the deposition stretch of the collagen fibers.
Specifically, collagen deposited at a higher stretch results in increased equilibrium stress.

In Fig. 4C, D we illustrate our second scenario (Fig. 2B) in which plasmin(ogen) enters
and (myo)fibroblasts invade the biaxially stretched sample through the z = 0 surface. A dif-
fusivity and migration mediated delay of plasmin(ogen) and (myo)fibroblasts, respectively,
results in early fibrin degradation and early collagen deposition at z = 0 and late degradation
and deposition at z = 1. Thus, material inhomogeneities naturally emerge from inclusion of
thrombus transport phenomena such as diffusion and migration.

Mechanically altered intra-thrombus transport through diffusion and advection is critical
to both thrombus lysis and maturation. We implement these effects via stretch dependence
of the diffusivity and permeability tensors, see equations ((16)–(17)). Figure 4E, F demon-
strate the model’s sensitivity to degradation and deposition by means of the z-component
of the plasmin(ogen) diffusivity tensor. Using the first loading scenario (Fig. 2A), we see
that diffusivity may vary with collagen deposition stretch (Fig. 4E). As collagen deposition
stretch is increased, thrombus compaction in the z-direction results in decreasing diffusiv-
ity, thus coupling progressive collagen deposition to reduced plasmin(ogen) transport and
thus decreasing fibrin degradation. Similarly, using our third loading scenario (Fig. 2C)
we see that decreasing fibrin density results in increased compression under stress in the
planar directions and thus increased out-of-plane sample extension. Positive stretch in the
z-direction subsequently increases diffusivity and provides a positive feedback for fibrin
degradation via an increased plasmin(ogen) supply (Fig. 4F). These examples show that
intra-thrombus transport may be increased or decreased by fibrin degradation and collagen
deposition, respectively, and thus may be accelerated or decelerated through mechanically
mediated feedback mechanisms.

4 Remodeling Venous Thrombus

We now combine all aspects of our proposed model in a three dimensional simulation of an
occlusive venous thrombus. Specifically, we begin our simulation once the fibrin network
has mostly developed (minutes to hours after initiation). Consequently, we assume that no
additional fibrin deposition occurs. Starting from this point, we consider the transport of
plasmin(ogen) from the thrombus/blood interface and associated degradation of the exist-
ing fibrin network by plasmin(ogen) as well as the migration of (myo)fibroblasts from the
thrombus/wall interface and associated deposition of collagen during maturation. We also
include the venous wall in our simulations. Specifically, we model the wall as neo-Hookean
and use a three-field finite element interpolation scheme to approximate its nearly incom-
pressible material behavior. We also include axial prestretch in our venous wall model. To
this end, we assume that our reference configuration is not stress-free, but is rather the result
of an isochoric deformation from a fictitious unloaded configuration according to a pre-
stretch tensor F z = λzN z ⊗N z +1/

√
λz[I −N z ⊗N z], where λz is the axial prestretch and

N z is the axial direction vector [39]. Lastly, we implement an additive active stress model
to include thrombus compaction resulting from platelet activation and contraction. Thus,
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we add the active stress tensor σ a to the solid stress tensor, where σ a = T ab, with T a the
tension parameter and b is the left Cauchy-Green deformation tensor.

Because there are few specific data on the evolution of human venous thrombus, we base
our computational model largely on observations and measurements from a well-accepted
stasis deep vein thrombosis mouse model [18]. Toward this end, we surgically ligated the
inferior vena cava just below the renal veins to initiate the formation of (relatively) large,
cylindrical thrombus samples. At 2 and 4 weeks, we explanted the venous thrombus and
used combined histology/immunohistochemistry and micro-uniaxial tensile testing to char-
acterize the specimens [32]. We measured thrombus length and diameter, spatial fibrin and
collagen distributions, (myo)fibroblast distribution and count, neutrophil and macrophage
distribution and count, and quantified the uniaxial tensile stress-stretch behavior.

Based on these data, we first estimate the material parameters for our ground substance
matrix (μ,λ) as well as those for the fibrin and collagen (kf

1 , k
f

2 and kc
1, k

c
2). To this end,

we built virtual cylindrical thrombus samples at 2 weeks and 4 weeks based on geometric
experimental data as well as relative distributions of fibrin and collagen: 4 mm length and
1.2 mm diameter at 2 weeks and 3 mm length and 0.7 mm diameter at 4 weeks, with rela-
tive ground substance:fibrin:collagen distributions of 1:7:2 and 1:0:9, respectively. Thus, at
2 weeks our thrombus material is dominated by fibrin with some early collagen deposition,
while at 4 weeks our sample is dominated by collagen. Subsequently, we apply a trust-
region algorithm to minimize an objective function that penalizes the sum of the squared
differences between experimentally determined load-stretch curves and finite element sim-
ulations, simultaneously for the samples at 2 and 4 weeks. Furthermore, during initial sim-
ulations we iteratively adjusted the fibrin degradation rate, the collagen deposition rate, and
the (myo)fibroblast migration rate to match our histological observations qualitatively. All
other parameters are either literature values or were chosen for lack of available data, see
Table 1.

Notwithstanding the single ligature, for computational ease, we apply venous blood pres-
sure to the distal and proximal thrombus surfaces. In contrast, we model the distal and prox-
imal surfaces of the venous segment as fixed in space. Without data to the contrary, we also
model the thrombus and wall as perfectly adherent. Finally, while this model is fully three
dimensional, in the interest of computational time, all simulations are carried out employing
axisymmetric boundary conditions. The final geometry and mesh are shown in Fig. 6A.

Before simulating thrombus lysis and maturation, we apply mechanical as well as chem-
ical initial conditions step-wise. In the first load step we apply venous blood pressure and
wait for intra-thrombus fluid pressure to equilibriate. Secondly, we activate platelet contrac-
tion, and, again, let the thrombus pressure equilibrate. In the last initiating load step, we
perfuse the thrombus homogeneously with an initial plasmin(ogen) concentration.

The actual simulation of thrombus evolution begins with the application of a blood-
equivalent plasmin(ogen) concentration at the thrombus/blood interface and a count-down
for (myo)fibroblast migration from the thrombus/wall interface, which begins at 7 days into
the simulation. We end the simulation after 8 weeks of thrombus evolution. In Fig. 5 we
show the resulting transport of plasmin(ogen) and the migration of (myo)fibroblasts as well
as the evolution of fibrin referential apparent density and collagen referential apparent den-
sity at times 0 days, 1/8 days, 7 days, 14 days, 28 days, and 56 days.

The first row in Fig. 5 depicts the transport of plasmin(ogen) from the thrombus/blood
interface. Recalling the initial uniform plasmin(ogen) concentration, subsequent transport of
plasmin(ogen) from the thrombus/blood interface inward results in a concentration gradient,
which we can still observe at 3 hours. After 7 days, this gradient vanishes as the entire
thrombus is saturated with plasmin(ogen).
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Fig. 5 Simulated occlusive venous thrombus remodeling. Between 0 days and 56 days differing time scales
of plasmin(ogen) transport and (myo)fibroblast migration result in nearly homogeneous degradation of fibrin
and heterogeneous deposition of collagen (shown are the results in radial direction). The simulated results
match qualitatively our prior experimental observations [32]

In contrast, (myo)fibroblasts do not begin to invade the thrombus until day 7. As ob-
served in our experimental data, these cells have made their way into the thrombus volume
by day 14, with the highest “concentration” at the thrombus/wall interface and only few
(myo)fibroblasts in the thrombus center. This picture changes by day 28 when the cells
have substantially invaded the thrombus. By day 56 the entire thrombus is populated with
(myo)fibroblasts with the exception of the distal and proximal thrombus surfaces which we
exclude from (myo)fibroblast invasion due to its direct contact with blood.
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Fig. 6 (A) Quarter symmetric segment of thrombus/wall complex and finite element discretization. (B) Col-
lagen distribution on microspheres at four different locations after 14 days reflects heterogeneous and
anisotropic evolution of thrombus microstructure. Note, continuous distributions are obtained through cu-
bic interpolation of 45 integration points over the half sphere using symmetry conditions. Further note, in
(B) we chose different color scales to highlight remodeling induced material anisotropy

The different times scales of plasmin(ogen) diffusion and (myo)fibroblast migration are
reflected in characteristically different evolution patterns between fibrin and collagen. Be-
cause plasmin(ogen) is transported at a high rate into the thrombus center, while the degra-
dation rate of fibrin is relatively low, fibrin changes almost homogeneously throughout the
thrombus volume. Fibrin density decreases asymptotically from 2 µg/mm3 at 0–7 days to
close to 0 µg/mm3 at 56 days, see Fig. 5 for fibrin density in the radial direction. On the
other hand, because the collagen deposition rate is relatively high in comparison to the
(myo)fibroblast migration rate, collagen density mimics (myo)fibroblast density qualita-
tively. Collagen density further shows a clear gradient from the periphery toward the throm-
bus center line at 14 days, which vanishes at 28 days and 56 days when collagen has mostly
replaced fibrin as the predominant structural constituent of thrombus.

Figure 6B depicts both the heterogeneity as well as the anisotropy of collagen evolu-
tion after 2 weeks of maturation. Collagen density varies considerably, as indicated by the
different scales at four representative locations. In addition, variations over the unit sphere
represent load-induced material anisotropy. At location 3, for example, we find that collagen
is deposited predominantly in axial and circumferential directions and not in the radial di-
rection, which reflects the time average of the principal load directions. This locally reduced
deposition of collagen in the radial direction may further present a focal material weakness,
potentially indicative of a subsequent failure point.

Changes in fibrin and collagen density are also reflected in changes in thrombus ge-
ometry. In the current problem, we apply traction boundary conditions to the distal and
proximal thrombus surfaces (blood pressure), as well as to the thrombus peripheral bound-
ary (venous wall). Thus, collagen deposition results in thrombus contraction rather than
the increased equilibrium stresses that we saw in Fig. 4B. This contraction, consistent with
the phenomenon of wound contraction, is depicted in contour plots of total displacement
over time in Fig. 7. In this time sequence, we find at 0 days that venous blood pressure
applied to the distal and proximal surface of the thrombus and platelet contraction results
in compaction at the distal and proximal boundaries but negligible compaction at the ra-
dial boundary. Yet, because the thrombus is constrained to move with the venous wall, this
displacement does not translate to the thrombus center. We see also slight increases in dis-
placement at day 7 as fibrin degradation reduces thrombus’ stiffness. Beginning at day 14
and continuing through day 56, we notice a clear compaction throughout the thrombus as a
result of increased collagen deposition.
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Fig. 7 Occlusive venous thrombus compaction. Between 0 days and 56 days venous blood pressure, platelet
contraction, fibrin degradation and collagen deposition result in increased thrombus compaction over time.
While blood pressure and platelet contraction dominate early compaction up to 7 days, late compaction is
dominated by collagen deposition

5 Discussion

Thrombus plays a critical role in many diseases as well as clinical complications, in-
cluding deep vein thrombosis [23], stroke [36], aortic dissections [48], abdominal aortic
aneurysms [44], coronary disease [33], and medical device failure [45]. The complex mul-
tiscale/multiphysical phenomena defining thrombus lysis and maturation largely determine
the progression of these diseases as well as their outcomes. Furthermore, thrombus lysis and
maturation are targets of current treatments and therapeutic technologies [4]. Computational
models may hold the potential to better understand thrombus evolution and thus many of the
above diseases. Furthermore, computational models may serve as platforms for personalized
treatment planning and therapeutic optimization.

Historically, the study of thrombus has largely focused on the biochemistry of thrombus
initiation and formation [17, 51, 52]. The biochemomechanics of thrombus during long-
term evolution has received less attention, with few exceptions [29]. Recently, however, it
has become clear that biochemomechanics play an important role, not only in thrombus for-
mation [16], but also during thrombus lysis or maturation [12, 13, 38, 50]. We introduced
the first finite element framework to combine the nonlinear continuum mechanics of throm-
bus, intra-thrombus transport, and reactions among solids, interstitial fluid, and diffusing
and migrating “solutes”. By doing so, we unite biology and chemistry with mechanics on
multiple scales. Specifically, we consider spatio-temporal changes in and interactions among
biomolecular and cellular species and structural constituents and their consequences on the
macroscopic mechanical behavior of thrombus. To the best of our knowledge, this is also
the first use of the microsphere approach to model the anisotropically and heterogeneously
remodeling microstructure of thrombus. We interpret the discrete quadrature derived direc-
tions representing the microspherical surface as fibrin and collagen bundles and allow each
to remodel individually. Consequently, the anisotropic degradation of fibrin and deposition
of collagen can be resolved, in our case, in 45 discrete directions. Thus, evolving mate-
rial anisotropy and heterogeneities emerge naturally from our model rather than requiring a
priori definition of growth tensors, as, for example, in finite growth theory [21, 40, 41].

The current framework was inspired by our recent report on the evolving histomechan-
ics of venous thrombus in a deep vein thrombosis mouse model [32]. Combined histol-
ogy/immunohistochemistry and uniaxial tensile test data revealed dramatic changes from 2
weeks to 4 weeks. In short, venous thrombus at 2 weeks is primarily a fibrin-based mesh
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with relatively low stiffness, with abundant inflammatory cells throughout the thrombus but
(myo)fibroblasts near the periphery of thrombus. By 4 weeks, however, (myo)fibroblasts
were seen throughout the thrombus, co-localized with fibrillar collagen that likely was
responsible for the significantly higher material stiffness at that time. That is, thrombus
evolved significantly within a few weeks from a relatively compliant fibrin mesh to a stiff,
collagenous pseudo-tissue, largely driven by the degradation of fibrin by plasmin and the
invasion of (myo)fibroblasts that deposited collagen. Our numerical example of an occlu-
sive venous thrombus (cf. Sect. 4) was informed by these observations on cell distributions,
cell counts, and mechanical properties as a function of relative amounts of the structural
constituents fibrin and collagen.

One of the challenges in the study of venous thrombus lysis or maturation lies in delin-
eating the origin of diverging fates; thrombus in vivo may either lyse spontaneously or may
mature into a chronic lesion. This outcome is critical from a clinical perspective because
a lysing thrombus is more likely to embolize than a chronic thrombus. We hypothesize
that thrombus fate may be determined by the competition between fibrin degradation and
collagen deposition, with local differences likely critical. In this work we show that this
competition may be partially determined through mechanically-mediated feedback mecha-
nisms. For example, collagen deposition and subsequent thrombus contraction may reduce
diffusion and advection of important thrombolytic biomolecules such as plasmin(ogen), thus
slowing lysis and further promoting maturation.

Thrombus microstructure appears heterogeneous and anisotropic [32, 47]. To date, no
model of thrombus remodeling has accounted for local differences in constituent density or
spatially varying material properties. We employed the microsphere concept to allow throm-
bus to remodel freely in response to reactive interactions among solid, fluid, and “solute”
constituents as a function of their locally and directionally varying mechanical environment.
We believe that material heterogeneity and anisotropy may be critical to the fate of venous
thrombus; local differences in collagen and fibrin density, for example, could account for
different failure modes such that advanced lysis or reduced maturation at the thrombus wall
interface may result in whole thrombus dislodgement, while homogeneous degradation may
result in thrombus fragmentation and smaller emboli. In our simulation, an occlusive ve-
nous thrombus remodeled in a heterogeneous, anisotropic fashion. For example, collagen
deposition at the thrombus wall interface is minimal in the radial direction, which, under the
radial forces of thrombus contraction, could increase the risk for thrombus detachment and
subsequent embolization. Microstructural studies of occlusive venous thrombus at varying
stages of remodeling will be needed to confirm this hypothesis, which likely would need
refinement if one accounts for remodeling of the underlying vascular wall as well.

While venous thrombus and arterial thrombus are often treated separately (e.g., white
thrombus (arterial) and red thrombus (venous)), it is becoming increasingly clear that they
represent two observations from a continuous disease spectrum [28]. Therefore, our model,
with appropriate extensions, may also be applicable to arterial thrombus. Our particular
interest on the arterial side lies in the study of thrombus in aortic aneurysms and dissec-
tions. Here we suspect thrombus may play a dual role. On one hand, thrombus may be
protective, shielding the adjacent aortic wall. On the other hand, it may serve as source
of biological (proteolytic) activity that could promote the progressive break-down of aortic
wall constituents and ultimately contribute to wall rupture. Our computational model of the
biochemomechanics of occlusive thrombus (with appropriate extensions) may similarly aid
in testing these hypotheses. Lastly, considering the important physiological role of thrombus
in hemostasis following vascular injury, it is not surprising that thrombus evolution closely
resembles the wound healing response. Our work may, thus, also be relevant to the study of
wound healing [46].
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Of course our model depends on a number of assumptions, parameters, and constitutive
relations that are currently either only partially known or unknown. For example, no data
are available on the evolving porosity of venous thrombus, the mechanical dependence of
thrombus permeability, or the mechanical dependence of plasmin(ogen) diffusivity. Simi-
larly, we currently do not have a three dimensional model of platelet contraction and do not
know the mathematical form of mechanically dependent reaction equations, or the mechan-
ical properties of venous thrombus under compression at various stages of evolution. Other
limitations include our choice to neglect interactions among multiple migrating cell species,
focus on plasmin(ogen) but not fibrin(ogen), and the potential evolution of the venous wall,
all of which may affect thrombus properties. Further, we currently assume perfect adher-
ence between thrombus and venous wall, which is an approximation of the actual interfacial
properties at best. Based on the data we have available, however, we consider the present
work another step toward a general framework that includes important biological, chemical,
and mechanical contributors to thrombus lysis or maturation.
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