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a b s t r a c t

Continued advances in computational power and methods have enabled image-based biomechanical
modeling to become an important tool in basic science, diagnostic and therapeutic medicine, and medical
device design. One of the many challenges of this approach, however, is identification of a stress-free ref-
erence configuration based on in vivo images of loaded and often prestrained or residually stressed soft
tissues and organs. Fortunately, iterative methods have been proposed to solve this inverse problem,
among them Sellier’s method. This method is particularly appealing because it is easy to implement, con-
vergences reasonably fast, and can be coupled to nearly any finite element package. By means of several
practical examples, however, we demonstrate that in its original formulation Sellier’s method is not opti-
mally fast and may not converge for problems with large deformations. Fortunately, we can also show
that a simple, inexpensive augmentation of Sellier’s method based on Aitken’s delta-squared process
can not only ensure convergence but also significantly accelerate the method.

� 2017 Published by Elsevier Ltd.
1. Introduction

Image-based biomechanical modeling has become an important
tool in basic science, diagnostic and therapeutic medicine, and
medical device design (Baillargeon et al., 2015; Rausch et al.,
2016a; Bosmans et al., 2016). Ever improving image resolution
and computational power increasingly enable models with greater
detail. One key challenge remains, however. Tissues and organs,
in vivo, are often prestrained and residually stressed in addition
to experiencing time-varying in vivo loads (Han and Fung, 1991;
Bellini et al., 2014; Tepole et al., 2016). Thus, the stress-free refer-
ence configuration is, in general, not readily accessible from in vivo
images (Weisbecker et al., 2014).

Fortunately, when the deformed configuration and its corre-
sponding boundary conditions are known, for a given constitutive
relation, the stress-free reference configuration can be estimated
using inverse methods. These methods can be broadly classified
either as direct methods, in which the inverse motion from the
deformed configuration to the stress-free reference configuration
is solved (Govindjee and Mihalic, 1996), or as iterative methods,
which identify the stress-free reference configuration by employ-
ing multiple forward calculations (Sellier, 2011; Bols et al., 2013;
Maas et al., 2016b). One such iterative method is a fixed-point
method introduced by Sellier (2011) for general elasto-static prob-
lems and reintroduced by Bols et al. (2013) and, in extended form,
by Riveros et al. (2013) for problems in cardiovascular biomechan-
ics. Sellier’s method has since been applied successfully to a num-
ber of image-based biomechanical modeling problems, owing its
success largely to algorithmic simplicity, the relative ease with
which it can be coupled to established finite element software
packages, and applicability to a wide range of material models
(Wittek et al., 2013; Genet et al., 2015).

In the first iteration, Sellier applies the measured in vivo trac-
tions (such as blood pressure or intraocular pressure) to a guessed
initial reference configuration B1

0 with coordinates X1 to compute
the first updated deformed configuration B1

t with coordinates x1,
see Fig. 1. For lack of better alternatives, the initial reference con-
figuration is usually chosen to be the measured in vivo configura-
tion B�t with coordinates x�. Subsequently, the reference
configuration is updated by subtracting the per node displacement
vector between the updated deformed configuration and the target

in vivo configuration, Rk ¼ xk � x�, viz. Xkþ1 ¼ Xk � aRk (see Algo-
rithm 1, where Sellier let a ¼ 1). This iterative procedure is then
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Fig. 1. Illustration of Sellier’s iterative method for identifying a stress-free reference configuration in biomechanical boundary value problems. See also Algorithm 1.
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repeated until a required error tolerance � is reached between the
updated deformed configuration and the target in vivo
configuration.

Algorithm 1. Sellier’s InverseMethod (witha ¼ 1). Note, bold faced
quantities are of size Number of Nodes � Number of Dimensions.

1: initialize X1  x�

2: set k ¼ 0

3: while max jjRkjj
� �

P � do

4: update counter, k kþ 1

5: solve forward problem, xk ¼ /ðXkÞ
6: calculate nodal error vector, Rk ¼ xk � x�

7: update reference vector, Xkþ1 ¼ Xk � aRk

8: end while

9: stress-free reference configuration, X� ¼ Xk

One of the advantages of Sellier’s method is that any finite ele-
ment package can be used to solve the forward problem, the only
requirement being that the package can output nodal locations of
the updated deformed configuration. A simple wrapper can then
read the nodal locations, calculate the nodal displacement vector,
update the reference configuration, and initiate the next forward
calculation.

In their original manuscripts Sellier, Bols et al., and Riveros et al.
assumed a ¼ 1 (see Algorithm 1). Here, we show that a ¼ 1 is not
necessarily the best choice. Furthermore, we have previously com-
bined Sellier’s method with Aitken’s delta-squared process and
show here that by doing so Sellier’s method can be considerably
accelerated at virtually no cost (Genet et al., 2015).

2. Methods

In all subsequent examples we assume that the mechanical behavior of soft tis-
sue can be well approximated using a hyperelastic framework for appropriate con-
ditions of interest (Martins et al., 2006). Furthermore, we specifically describe the
material behavior using an anisotropic Fung-type strain energy function with an
isotropic neo-Hookean component and n embedded fiber families (Holzapfel
et al., 2000; Rausch et al., 2016b; Caulk et al., 2016). The isochoric component of
the strain energy function,WðCÞ ¼ �Wð�CÞ þ UðJÞ , thus reads (Rausch and Kuhl, 2014)

�W ¼ l
2
½�I1 � 3� þ

Xn

i¼1

ki1
4ki2

exp ki2 �Ii4 � 1
� �2� �

� 1
h i

; ð1Þ
where �I1 is the first invariant of the isochoric right Cauchy-Green tensor, �I1 ¼ C : I,

and �Ii4 are the squares of the fiber stretches of each fiber family, �Ii4 ¼ C : Mi �Mi ,

with Mi the unit fiber orientation vectors. In addition, we constrain the material
to behave quasi-incompressibly by penalizing the volumetric material response with

a bulk modulus j� l in the volumetric term UðJÞ ¼ 1
2j ln J½ �2, where J ¼ det F (Weiss

et al., 1996).
Also, we solve all forward problems employing the open-source finite element

packages FEBio (http://www.febio.org) and use Matlab for all auxiliary tasks (Maas
et al., 2012).

We begin our analysis with a canonical problem inspired by our recent histome-
chanical study of occlusive venous thrombus in mice. Given the in vivo measured
length of a nearly cylindrical thrombus sample and venous blood pressure p
(length: 4 mm, diameter: 1.2 mm, load: 10–30 mmHg), we aim to determine the
thrombus’ stress-free reference configuration. To simplify the problem, we reduce
the geometry to a quarter cylinder with a traction-free radial surface plus tractions
due to venous blood pressure on the proximal and distal surfaces. We further dis-
cretize this simplified geometry with 384 trilinear hexahedral elements and employ
the hyperelastic framework to model the thrombus as a quasi-incompressible, neo-
Hookean material with a shear modulus based on recent measurements in our lab-

oratory (Lee et al., 2015) (see Eq. (1) with ki1 ¼ 0 for the strain energy function of a
quasi-incompressible neo-Hookean material).

To explore the influence of a (augmentation parameter), � (prescribed toler-
ance), and the magnitude of the loading that yields a finite deformation on the con-
vergence of Sellier’s method, we apply Algorithm 1 to above problem for varying
a; � ¼ 0:01 mm, 0:001 mm, 0:0001 mm, and p ¼ 10;20;30 mmHg.

Next, we augment Sellier’s method by dynamically adapting a according to Ait-
ken’s delta-squared process, which has previously been proven an efficient acceler-
ation method for fluid-structure interaction problems and problems in nonlinear
solid mechanics (Küttler and Wall, 2008; Genet et al., 2014), and which we have
combined with Sellier’s method previously (Genet et al., 2015). Thus, in Algorithm
1, we add a step after calculating the nodal displacement vector, in which we
update a according to

a �a
Rk�1 : Rk � Rk�1

h i

Rk � Rk�1
h i

: Rk � Rk�1
h i ; ð2Þ

see Algorithm 2. For the augmented method, we repeat the same sensitivity analysis
as above.

In our second example, we explore Sellier’s method as well as our augmented
method via a practical, yet, simple example from our laboratory. Specifically, we
apply Sellier’s method to the quasi-static boundary value problem of a pressurized,
axially prestretched healthy mouse arterial segment that we recently tested in our
laboratory (and thus enables model validation). Albeit technically not an inverse
problem, since the stress-free reference configuration is known, we imagine, for
argument sake, that in addition to the material parameters only the in vivo target
configuration as well as the luminal pressure and the axial prestretch are known.
Wemodel the arterial segment as a perfect quarter cylinder (length: 3.80 mm, inner
diameter: 0.57 mm, wall thickness: 45.2 lm, load: 80 mmHg, axial prestretch:
1.77), discretized with 3072 trilinear hexahedral elements, and assume that the
material is well approximated using the hyperelastic framework (see Eq. (1) with
n ¼ 4). Here, we limit our analysis to the effect of a only (� ¼ 0:01 mm).

In our third example, we apply Sellier’s method as well as the augmented
method to a problem in heart valve mechanics taken from Rausch et al. (2011).

http://www.febio.org


Table 1
Summary of all investigated examples with key features.

Example a [–] � [mm] Fibers
[#]

Load
[mmHg]

Venous thrombus 0.1–1.9 0.0001, 0.001, 0.01 0 p = 10, 20, 30
Aortic segment 0.1–1.0 0.01 4 p = 80
Mitral valve leaflet 0.1–1.0 0.01 1 p = 100
Aortic dissection 0.5, 1.0 0.1 4 p = 80
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In this example, the anterior ovine mitral valve, reconstructed from in vivo marker
data, is exposed to systolic left ventricular pressure (100 mmHg, also measured
in vivo) and isotropic prestrain (30%) (Rausch et al., 2013; Amini et al., 2012). The
leaflet is modeled as a transversely isotropic, thin, collagenous membrane and dis-
cretized with 1920 quadratic triangular elements. The material behavior is, again,
approximated using the strain energy function in Eq. (1). Note, only one fiber family
is modeled in this example (n ¼ 1) and � ¼ 0:01 mm. In addition to a traction
boundary condition on the ventricularis (the ventricular side of the leaflet), Dirich-
let boundary conditions are applied to the external boundary of the leaflet as
derived from the marker data. Neo-Hookean, 1D elements approximate the behav-
ior of the chordae tendinae that emanate from the papillary muscles and insert in
the belly regions of the leaflet. For more details see (Rausch et al., 2013).

Last, we apply Sellier’s method and the augmented method to an actual inverse
problem from our laboratory. We derive the geometry of a murine aortic dissection
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Fig. 2. For Sellier’s method the number of iterations to convergence strongly
depends on a and is always larger than or equal to the number of iterations
necessary for our augmented method. Furthermore, the augmented method is
virtually independent of a and shows a larger convergence radius.
from a combined in vivo (ultrasound) and in vitro (optical coherence tomography)
imaging approach. At the time of imaging, the dissected aortic segmented was axi-
ally prestretched and subjected to an intraluminal pressure (length: 7.82 mm, load:
80 mmHg, axial prestretch: 1.50). For the present analysis we, again, assume that
we can describe the aortic material behavior using the strain energy function in
Eq. (1) with n ¼ 4. In contrast to the dissected aortic wall, we model the intramural
thrombus as neo-Hookean. We assume the thrombus, like the aortic wall, is quasi-
incompressible. Further, we spatially discretize the dissected aortic wall segment
and thrombus complex with 141,661 10-node, quadratic, tetrahedral elements
(Maas et al., 2016a) and solve the forward problem using FEBio, as above. As
opposed to the previous problem, however, we do not perform a sensitivity analy-
sis. Instead, based on findings in Fig. 2, we applied each, Sellier’s method and the
augmented method, for a ¼ 0:5 and a ¼ 1:0 (� ¼ 0:1 mm). All examples with key
features are summarized in Table 1.

Algorithm 2. Augmented Sellier’s Inverse Method. Note, bold faced quantities are
of size Number of Nodes � Number of Dimensions.

1: initialize X1  x�

2: set k ¼ 0

3:while max jjRkjj
� �

P �

4: update counter, k kþ 1

5: solve forward problem, xk ¼ /ðXkÞ
6: calculate nodal error vector, Rk ¼ xk � x�

7: if k > 1 then

8: update alpha, a �a Rk�1 : Rk�Rk�1½ �
Rk�Rk�1½ �: Rk�Rk�1½ �

9: end if

10: update reference vector, Xkþ1 ¼ Xk � aRk

11: end while

12: stress-free reference configuration, X� ¼ Xk
3. Results

Fig. 2A illustrates the convergence behavior of Sellier’s method
and our augmented method for our first example as a function of a
(� ¼ 0:01 mm and p ¼ 30 mmHg). First, we find that in Sellier’s
original formulation, the number of iterations necessary to reach
convergence varies significantly with a, with a minimum at
a ¼ 1:1. Second, we find that the augmented method converges
almost independently of the initial value of a and converges faster
than Sellier’s method for all values of a except for a ¼ 1:1, where
both methods converge equally fast. Last, we find that the conver-
gence radius for Sellier’s method is qa 6 1:7, whereas the aug-
mented method converges also for values larger than 1:7 (data
not shown).

Not surprisingly, we also find that the number of iterations
increases as we tighten the convergence criterion. Moreover, the
number of iterations increases with increasing load and thus defor-
mation. Interestingly, for both methods, the optimal a as well as
the convergence radius qa are invariant to � and p, at least for
the tested values. Also, the augmented method always conver-
gences faster than Sellier’s method except for the optimal a, where
Sellier’s method and the augmented method convergence almost
equally fast (with the augmented method needing one less itera-
tions for � ¼ 0:001 mm and � ¼ 0:0001 mm).

The findings from our second example are summarized in
Fig. 2B. Confirming the results of the previous example, we find
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that in Sellier’s original formulation the number of iterations nec-
essary to reach convergence varies significantly with a, with the
smallest number of iterations at a ¼ 0:6;0:7. For a ¼ 1, however,
the method fails to converge, again, demonstrating a limited con-
vergence radius. In accordance with the previous example, we fur-
ther find that our augmented method is virtually insensitive to the
choice of a and always converges faster than Sellier’s original for-
mulation, albeit, not significantly for a ¼ 0:6;0:7. Additionally, our
method converges for a ¼ 1, demonstrating, again, a larger conver-
gence radius.

Our third example confirms most findings of the previous two
examples, see Fig. 2C. Our augmented method results in faster con-
vergence than Sellier’s method, whose convergence strongly
depends on a. While Sellier’s method converges only for values
of a 6 1, our augmented method convergences for values of
a < 1 and a > 1. Note that the qualitative behavior of the a-
dependence of Sellier’s method is different from the previous
two examples in that the number of iterations appears to converge
asymptotically toward the minimum.

Last, applied to the real-world inverse analysis problem of the
prestretched and pressurized aortic dissection (Fig. 3A), for
a ¼ 0:5, Sellier’s method converges in five iterations, while our
augmented method converges in four iterations; for a ¼ 1:0, Sel-
lier’s method fails to converge, while our augmented method con-
verges in five iterations. Thus, here again, our method converges
faster than Sellier’s method and shows a larger convergence radius.
Fig. 3B shows the updated deformed configurations (k ¼ 1; . . . ;4)
for our augmented method with a ¼ 0:5 and demonstrates conver-
gence of the updated deformed configuration toward the target
in vivo configuration.
Fig. 3. (A) Loaded in vivo geometry of a murine aortic dissection derived from
in vivo ultrasound and in vitro optical coherence tomography with (1) aortic wall,
(2) aortic lumen, (3) intramural thrombus, and (4) false lumen. (B) Convergence of
the updated deformed configuration (k = 1, . . ., 4) for our augmented method
(a = 0.5), where convergence occurred at iteration k = 4.
4. Discussion

Sellier’s method is a simple, yet efficient method for the inverse
identification of a stress-free reference configuration as usually
required for image-based biomechanical analyses. However, both
Sellier, in the original work, as well as Bols et al. and Riveros
et al., who reintroduced Sellier’s method specifically for biome-
chanical problems, assumed a ¼ 1.

In four practical examples we demonstrate that Sellier’s method
with a ¼ 1 may result in suboptimal convergence rates and in
some examples may fail to converge altogether. Thus, a ¼ 1 need
not be the optimal choice for Sellier’s method. We also find that
the optimal a is problem dependent without means of a priori
determination. Our augmented method may mitigate these short-
comings. We were able to demonstrate that dynamically adapting
a via Aitken’s delta-squared process increases the convergence rate
of Sellier’s method almost independently of the initially prescribed
value of a and increases the convergence radius (Aitken, 1950).

An approach based on Sellier’s method, with material orienta-
tion vectors defined in the loaded in vivo configuration as opposed
to the unloaded reference configuration (as in our case), has previ-
ously been applied successfully to problems in arterial mechanics
(Riveros et al., 2013; Trabelsi et al., 2015). Although these authors
did not report any issues of slow convergence or divergence when
using a ¼ 1, it is not possible to infer whether the convergence was
less than optimal due to the lack of a systemic sensitivity analysis
on a. It is possible, of course, that a ¼ 1 happened to be close to the
optimal value in these particular cases. Because optimal values
appear to be problem specific, however, there is a need for caution
unless using an objective method such as the augmentation sug-
gested herein. Finally, to ensure that slow convergence rates and
divergence with Sellier’s method (as reported in here) were not
related to our treatment of the material orientations vectors, we
repeated the second example with an isotropic neo-Hookeanmate-
rial model (not shown) and did not find significant changes in per-
formance in Sellier’s method or our augmented method.

As noted in the introduction, inverse methods, such as Sellier’s
method, require knowledge of the tissue’s material properties or at
least assumptions about the tissue’s behavior. In most cases, espe-
cially for problems derived from in vivo data, such information is
not readily available. However, it is important to note that Sellier’s
method, and by extension the method described in here, can be
integrated into a larger inverse framework, where not only the
stress-free reference configuration is approximated, but also, based
on image-based geometric data and measured in vivo loads, the
material parameters.

In conclusion, augmenting Sellier’s method may guarantee con-
vergence and significantly accelerates convergence and thus pro-
vides significant time savings for large problems. Hence, given
that our augmentation comes at virtually no cost and requires
almost no additional effort for implementation, biomechanists
considering Sellier’s method should also consider the augmenta-
tion proposed in this work.
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